We study electrode shape and size for plates of hexagonal crystals or polarized ceramics with the sixfold axis or the poling direction parallel to the plate surfaces so that they can be excited into thickness-shear vibration by an electric field in the plate thickness direction. Electrode size and shape optimal in the sense that they satisfy the criterion of Bechmann's number in every direction are determined. © 2009 American Institute of Physics. ͓doi:10.1063/1.3271981͔
Electrodes are necessary parts of piezoelectric resonators and other devices. They are needed for electrically exciting mechanical vibrations. Impedance of resonant piezoelectric devices is an important design consideration and is calculated from the charge ͑or current͒ and voltage on the electrodes. In plate piezoelectric resonators, electrode mass is known to be responsible for energy trapping of thicknessshear ͑TSh͒ modes with which the vibration is confined within or close to the electroded region. Energy trapping is crucial to device mounting and frequency stability. Recently, due to the need of device miniaturization, there has been growing research interest in the effect of electrode configuration. Electrodes of varying thickness have been shown effective in producing strong energy trapping. [1] [2] [3] [4] [5] Nonuniform electrodes provide an alternative to contoured resonators with varying thickness which have been used for strong energy trapping for a long time and are known to be difficult to make. Electrode shape also needs to be optimized. At present, circular and rectangular electrodes are routinely used in manufacturing. In Ref. 6 , it was recently shown that electrodes with corners cause field concentration and should be avoided in general.
An important theoretical result on electrode shape and size was given by Mindlin, 7 who obtained a formula for the optimal electrode shape and size of singly rotated AT-cut quartz plate resonators using two-dimensional plate equations. The optimal electrodes determined in Ref. 7 satisfy the criterion of Bechmann's number 7 in every direction so that when the resonator is in TSh vibration the entire electroded region vibrate in phase. When the electrodes are larger than the optimal ones, the vibration modes have nodal lines under the electrodes which cause charge cancellation on the electrodes. When the electrodes are smaller than the optimal ones, the vibration modes are not fully made use of in terms of collecting charges for larger capacitance. Numerical results based on the formula in Ref. 7 were presented in Ref. 8 . The optimal electrodes determined by Mindlin for AT-cut quartz plates are nearly elliptical, which shows that the commonly used rectangular and circular electrodes deviate significantly from the optimal electrodes, and therefore significant improvement in resonator performance can be expected using the optimal electrodes. The result in Refs. 7 and 8 were recently generalized to the case of doubly rotated stress compensated ͑SC͒-cut quartz plate resonators. 9 The formulas and results in Refs. 7 through 9 are valid for quartz only.
Piezoelectric crystals of 6mm symmetry including ZnO and AlN are of current research interest for thin-film resonators. Thin films of 6mm crystals with normal, in-plane, and tilted sixfold axes can all be produced. When the sixfold axis is parallel to the plate surfaces ͑in-plane sixfold axis͒, the plate can be excited into TSh motion by an electric field in the plate thickness direction. In this letter, we determine optimal electrodes for plates of 6mm crystals with in-plane sixfold axis in TSh vibration. A simple formula that determines the size and shape of the optimal electrodes is obtained. Numerical and graphical results of common 6mm crystals are presented. Polarized ceramics are also common piezoelectric materials. Their material tensors have the same structures as those of 6mm crystals. Therefore, our analysis is also valid for polarized ceramics with in-plane poling, which is a common device configuration.
Consider an unbounded, partially electroded plate of 6mm crystals with in-plane sixfold axis as shown in Fig. 1 . The direction of the sixfold axis is indicated by P. The plate has a thickness 2h and a mass density . The electrodes are with thickness 2hЈ and mass density Ј. assumed to be thin. Only their inertia will be considered. Their stiffness will be neglected. 7 For the purpose of this letter, we only need to consider free vibrations with shorted electrodes. Two coordinate systems are used. ͑x , y , z͒ is for defining the material constants such that the sixfold axis is along z. ͑x 1 , x 2 , x 3 ͒ is for the plate equations 10 to be used in which the plate normal is x 3 . We summarize the plate equations below. Under a thick electric field, the plate in Fig. 1 For determining the optimal electrodes, we need the dispersion relation for TSh waves governed by Eqs. ͑2͒ and ͑3͒.
For waves propagating in a direction described by with a wavelength , we let
where A and B are undetermined constants. Substitution of Eq. ͑6͒ into Eqs. ͑2͒ and ͑3͒ yields two linear, homogeneous equations for A and B. For nontrivial solutions, the determinant of the coefficient matrix of the equations must vanish, which gives the frequency equation that determines the following dispersion relation: .
͑7͒
In particular, the cutoff frequency with = ϱ is given by 2 Let
where C is an undetermined constant. Substitution of Eq. ͑13͒ into Eq. ͑10͒ gives
In the spirit of Ref. 7, the optimal dimension L of the electrode in the direction is the wavelength of the TSh wave in that direction in an electroded plate at the cutoff frequency of the same wave in an unelectroded plate. Hence, from Eqs. ͑8͒ and ͑14͒, L is determined by the following equation as a function of :
An explicit expression of the normalized L can be obtained as
.
͑16͒
For numerical examples we consider ZnO and AlN. The material constants can be found in Ref. 13 . The resonator thickness is fixed to be 2h = 1 mm. We calculate r = l / 2 versus and plot l in the direction of for different values of R. The results are shown in Figs. 2 and 3 for AlN and ZnO, respectively. The figures show that the optimal electrodes deviate considerably from common circular or rectangular shapes. Therefore, significant improvement of device performance can be expected when optimal electrodes are used. The figures also show that for larger values of R, the optimal electrodes become smaller. This is consistent with our previous knowledge on energy trapping [1] [2] [3] [4] [5] and is as expected. In summary, optimal electrode shape and size are determined for plates of crystals of 6mm symmetry with in-plane poling. The optimal electrodes deviate considerably from common circular or rectangular shapes. They are also significantly different from the nearly elliptical optimal electrodes for quartz plate resonators. [7] [8] [9] Better device performance is expected when optimal electrodes are used. 
